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Abstract
We study condensational growth of droplets in the presence of turbulent mixing, which is relevant during entrainment of dry air into
clouds. The aim here is to understand the role of the initial shape of the droplet size spectra on the ﬁnal droplet spectra, at the end
of turbulent mixing of the air parcel. Using numerical computations, we model the growth of droplets by resolving each droplet,
evolving their size (radius) and temperature. The ambient atmosphere can be modeled as being either well-mixed (homogeneous)
or inhomogeneous. In the well-mixed model, all droplets interact with the same ambient temperature ﬁeld and vapor density. In the
inhomogeneous model, the droplets interact with the local values of temperature and vapor density. To simulate cloud entrainment,
we initially partion the domain into a dry and a wet region. The wet region contains droplets, along with supersaturated vapor.
The dry region contains only subsaturated vapor. A 2D synthetic turbulence ﬁeld has been imposed on the droplet, vapor and
temperature ﬁeld. We observe that if the initial droplet size spectra contains signiﬁcant number of large droplets, then there is
little diﬀerence between the ﬁnal droplet spectra predicted by the well-mixed and inhomogeneous models. This occurs because
the large droplets release vapor relatively quickly in subsaturated conditions, and immediately saturate the dry air into which they
gets mixed, thus “freezing” the rest of the size spectra. Our theoretical analysis predicts that, for a given turbulence eddy turnover
rate, a family of droplet size spectra exists whose evolution will be well predicted by the “well-mixed” models. Comparison of the
results from the analysis and simulations are made.
c© 2014 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of Indian Institute of Technology, Hyderabad.
Keywords: Condensation;Droplets;Turbulence;Clouds
1. Introduction
Clouds play a crucial role in the energy budget of the Earth’s atmosphere1, and hydrology. Large Eddy Simulation
(LES) based models2 are commonly used to simulate clouds, and often explictly evolve the droplet size spectra. How-
ever, these models typically assume that the droplets and vapor in each grid cell are well mixed. One of the challenges
in LES modeling of clouds is to capture the eﬀect of turbulence mixing on droplet growth. Capturing condensational
growth of droplets is crucial towards prediction of several types of climate forcing, including precipitation. In3, the
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ﬂuctuation in supersaturation has been correlated to ﬂuctuation in updraft. However, the eﬀect of turbulent mixing
on droplet growth has still not been accounted for in LES simulations. Furthermore, the importance of this eﬀect is
not very well understood, with direct numerical simulations yielding opposite predictions4. In this paper we perform
several 2D simulations of droplet growth in the presence of turbulent mixing of wet and dry air, in which the wet air
contains droplets with a given size spectra. Our computational domain is initially partitioned into two halves. One
half consists of the multidispersed droplets, embedded in a supersaturated vapor ﬁeld, while the other half consists of
dry air. Similar computations have been performed by5 in 3D, in which the importance of the ratio of the turbulence
time scale with respect to the phase relaxation time (or damkohler number) was highlighted. We use two approaches
in our computations. In the ﬁrst approach, we assume that the computational box is well-mixed, and that all droplets
interact with the same vapor density and temperature. In the second approach, we resolve the inhomogeniety in the
vapor and temperature ﬁeld, so that each droplet interacts with the local density and temperature ﬁelds. In the second
approach, we also introduce a 2D synthetic turbulence ﬁeld with a ﬁxed turbulent kinetic energy, dissipation rate and
viscosity. From our own 2D computations, we will try to understand the parameter space over which the “well-mixed”
assumption is valid. Our major ﬁnding is that the validity of this assumption in fact depends strongly on the shape of
the droplet size spectra itself.
Nomenclature
Ca ,Cw Speciﬁc heat capacities for air and water respectively.
dt Change with respect to time.
L Latent heat of condensation of water vapor.
Ma Total mass of the surrounding air.
Mid Mass of the i
th droplet.
Mv Mass of vapor in the surrounding air.
N Number of droplets.
Ri Radius of the ith droplet.
Rv Speciﬁc gas constant of water(R/MH2O).
S iM Source term of mass for the i
th droplet.
S iQ Source term of mass for the i
th droplet.
T id Temperature of the i
th droplet.
Ta Temperature of the surrounding air.
Va Volume of air parcel(LxLyLz).
W Updraft velocity.
Γ Lapse rate.
ρw Saturation vapor density.
ρv Density of the vapor away from the droplet(Mv/Va).
2. Theory
Before presenting results from our numerical computations, we ﬁrst present our hypothesis on the validity of
assuming that an air parcel in a cloud is “well-mixed”. While there can be several diﬀerent scenarios in which cloud
droplets grow in the presence of turbulence, we focus on the case where cloud droplets are growing at the edge of the
cloud, where turbulent entrainment of dry air is taking place. Thus, our model domain for the analysis consists of a
box of size Lx × Ly × Lz, in which, initially, one half (0 < x < Lx/2) is ﬁlled with supersaturated vapor at a vapor
density ρv = ρsatv , and the other half is ﬁlled with dry air with ρv = 0 (Fig 1). The saturated vapor contains a spatially
homogeneous distribution of droplets with size distribution f 0(r) and droplet number density nd, while the dry half
of the box does not contain any droplets or condensation nuclei. The size distribution has already been normalized,
that is,
∫ ∞
0 f (r, x)dr = 1. In general, the droplet number density is inhomogeneous, i.e. nd = nd(x). The average
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number density of droplets having size r = r0 and higher is denoted as n¯d(r0) = 〈nd〉
∫ ∞
r0
f (r)dr, where 〈·〉 denotes
space averaging. Below, we model the mixing process of droplets using simple scaling arguments.
There are several important time-scales in this problem. The phase relaxation time τphase(r) represents the time
taken by a droplet of size r to evaporate or condense vapor and attain equilibrium with its surrounding5, given as:
τphase(r) =
1
4πnDvr
(1)
where Dv is the vapor diﬀusivity, and n here is the number concentration of droplets of size r. Clearly, a smaller droplet
takes a longer time to grow or decay. Given that cloud droplets are typically multi-dispersed (with sizes ranging from
1 μm to 20 μm), this implies that a range of time scales exist for the evolution of droplet size. The other important time
scales in the problem are due to the turbulence. The slowest time scales in the turbulent ﬁeld is given by τL = K/,
where K is the turbulence kinetic energy and  is the dissipation rate of turbulence. The smallest time scales in the
ﬂow ﬁeld is due to Kolmogorov scales, given by τη = ν/η2, where η = (ν3/)1/4 is the Kolmogorov length scale and
ν is the kinematic viscosity of air. In this model, we will assume that the inter-droplet distance is much smaller than
Kolmogorov length scale η, although that may not always be true6.
Our main hypothesis here is that if there are a large proportion of big droplets in the cloud, then the vapor in the
cloudy region stays saturated inspite of entrainment of dry air. Two constraints are required to satisfy this hypothesis.
The ﬁrst constraint is that τphase for some of the larger droplets (of, say, size r0 and larger) has to be much smaller
than the time scale for turbulence mixing, τL = K/. Using Eqn 1, this constraint can be speciﬁed as:
1
4πn¯d(r0)Dvr¯(r0)
 τL (2)
where r¯(r0) =
∫ ∞
r0
r f 0(r)dr/
∫ ∞
r0
f 0(r)dr is the average radius of droplets with radius larger than some r0 for the initial
droplet distribution. Here r0 is a threshold that determines the size of “large” drops. The above constraint can also be
re-stated as a condition on the Damkohler number Da = τL/τphase(r)  15.
The second constraint that has to be satisﬁed is that, during the mixing of dry air with wet air, the large droplets
should be able to keep supplying the extra vapor, so that the wet air stays saturated. The liquid water content in large
droplets is approximately (4/3)(V/2)n¯d(r0)πr¯30ρw, where V = LxLyLz is the volume of the box, while the amount of
extra vapor needed in the box, to keep the air saturated even after mixing, is ρsatv V/2. To ensure that the large droplets
are able to provide this extra vapor, it therefore has to be true that:
4π
3
n¯d(r0)r¯(r0)3
ρw
ρsatv
 1 (3)
The above constraints (Eqn 2-3) can now be easily re-expressed as:
r¯(r0)  (3ρ
sat
v
ρw
DvτL)1/2 (4)
n¯d(r0)  1
4π(3 ρ
sat
v
ρw
τ3LD
3
v)
1/2 (5)
Note that n¯d(r) and r¯ are functionals of the initial size spectra in the wet region, f 0(r). Thus, the above analysis implies
that, given a size spectra f 0(r), if an r0 exists such that Eqns 4-5 are satisﬁed, then the larger droplets in the dispersion
will be able to keep the wet air saturated, and thus prevent the smaller droplets from evaporating. This will eﬀectively
“freeze” the size spectra while the mixing occurs. Once the mixing has occured, the evolution of droplet size spectra
in a “well-mixed” box and an inhomogeneous box should be the same. Thus, the initial droplet size spectra determines
whether or not the “well-mixed” assumption is valid in an LES simulation.
3. Methodology for Numerical Simulations
We perform numerical simulations in a 2D domain to verify the analysis described above. Towards this goal, we
peform simulations under “well-mixed” (i.e. homogeneous) and non-homogeneous conditions. As described above,
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Fig. 1. Schematic of computational domain. Red,blue color are for
high and low vapor density respectively and black dots are the droplets.
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Fig. 2. Snapshot of inhomogeneous model at 2 seconds.
in the homogeneous case we assume that the air parcel surrounding the droplets is well mixed. On the other hand,
in the non-homogeneous simulations, we resolve the motion of the ﬂuid, droplets, temperature and vapor down to
the Kolmogorov scales, so that the droplets only interact with the vapor ﬁeld in the immediate vicinity (Fig 2). In
both the cases, the air parcel (i.e. computational box) is being advected by an updraft velocity. Updraft decreases the
temperature of domain with time, and consequently reduces the saturation vapor pressure, increasing the tendency for
water to condense on the droplets. We assume that the total pressure and volume of the parcel is constant. Below, we
describe the equations use to evolve the droplets and the ﬁeld variables.
3.1. Droplet Evolution
The droplets are evolved via a Lagrangian approach, so that every droplet is resolved, and the size, location,
temperature of each droplet is evolved separately. The growth rate for each droplet is given by7, 8:
dRi
dt
= − (ρ
sat,i
v − ρv(xi))Dv
Riρw
(6)
where Ri(t) is the radius of the ith droplet at time t, xi(t) is the position of the ith droplet, and ρv(x, t) is the vapor
density ﬁeld. ρsat,iv (t) is the saturation vapor pressure at the droplet surface which itself depends on the temperature of
the droplet, T id(t) (in Kelvin):
ρiv,s =
611
RvT id
exp
⎡⎢⎢⎢⎢⎣
L
Rv
⎛⎜⎜⎜⎜⎝
1
273
− 1
T id
⎞⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎦ (7)
where L is the latent heat of condensation for water, and Rv is the gas constant for vapor. The temperature of the
droplet in turn changes because of latent heat release due to condensation, as well as conductive heat ﬂux from the
surrounding air. This exchange of heat is represented by the equation of droplet temperature evolution:
dT id
dt
= − 3
CwρwR2i
[
L(ρiv,s − ρv(xi))Dv + (T id − Ta(xi))ka
]
(8)
where Cw is the speciﬁc heat capacity of water, Ta(x, t) is the temperature ﬁeld of the ambient air mass, and ka is the
heat conductivity of air. The ﬁrst term on the right denotes temperature change due to latent heat release/absorption,
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while the second term on the right arises due to heat conduction from the ambient. The droplets are also being
advected in space by the ﬂuid velocity ﬁeld, so that:
dxi
dt
= u(xi) (9)
where u(x, t) is the velocity ﬁeld of the ﬂuid. We ignore sedimentation and droplet inertia in this work, assuming that
Stokes number is very small for the droplets. Standard Euler time stepping is performed to evaluate Eqns 6-9.
3.2. Evolution of Field Variables
The exact evolution equation for the ﬁeld variables (velocity, temperature, vapor density) are described in this
section. The unsteady velocity ﬁeld u(x, t) is generated via a synthetic turbulence model, proposed by9. In this model,
the velocity ﬁeld is discretized in terms of the Fourier modes, and a stochastic Langevin equation is used to evolve
each Fourier mode. A divergence free, isotropic, statistically stationery, and homogeneous stochastic 2 dimensional
velocity ﬁeld with Kraichnan Energy spectra of the form E(k) ∼ k3 exp (−k2) is generated via this method; here k
denotes magnitude of the wave number. Using this model, we can independently control turbulent Kinetic energy K
and the time scale for evolution of the turbulence eddies. However, unlike a real turbulence ﬁeld, the time scale for
smaller eddies and the larger eddies are the same here. This, however, should not pose a problem, since the above
analysis (speciﬁcally Eqns 4–5) uses only the eddy turnover time of large scales τL = K/ in the constraints. As
in conventional DNS, a larger number of modes are required for mimicking high Reynolds numbers. This turbulent
velocity ﬁeld is used to advect the droplets via Eqn 9, along with the temperature ﬁeld and vapor ﬁeld.
To evolve the vapor and temperature ﬁeld, we ﬁrst observe that, during growth/condensation, each droplet generates
heat and mass, given by the following source terms:
S iM = −4πR2i
ρiv,s − ρv(xi)
Ri
Dv (10)
S iQ = −4πR2i
T id − Ta(xi)
Ri
Ka (11)
After accounting for the above source terms, the conservation of energy and vapor density in the ambient air can be
stated as:
∂Ta
dt
+ u · ∇Ta = − 1Caρ
∑
i
[
LS iM + S
i
Q
]
δ3(x − xi) −WΓ + ka
ρCa
∇2Ta (12)
∂ρv
dt
+ u · ∇ρv = −
∑
i
S iMδ
3(x − xi) + Dv∇2ρv (13)
Here W is the updraft velocity, Γ is the lapse rate, Ca is the speciﬁc heat capacity of air, ρ is the density of the air, and
δ(x) is the Dirac delta function. The mass source term S M contributes to the energy equation due to contribution from
latent heat L. Standard ﬁnite-diﬀerence techniques are used to evolve Eqns 12-13. While our simulation is 2D, we
give our computational box some depth Lz that is equal to the average inter-droplet spacing
√
LxLy/N, where N is the
total number of droplets.
3.3. Simulations With “Well-Mixed” Assumption
For simulations where the “well-mixed” assumption is used, we do not evolve the velocity ﬁeld at all, and we lump
the other ﬁeld variables into their space-averaged counterparts, 〈Ta〉 (t) and 〈ρv〉 (t). Note that the averaged variables
no longer depend on x. The equations for the averaged quantities are:
∂ 〈Ta〉
dt
= − 1
CaρV
∑
i
[
LS iM + S
i
Q
]
−WΓ (14)
∂ 〈ρv〉
dt
= − 1
V
∑
i
S iM (15)
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Here, the droplet evolution equations, Eqn 6-8, stay the same, except that Td and ρv are now replaced by 〈Ta〉 (t) and
〈ρv〉 (t) respectively, and Eqn 9 is not evolved at all.
4. Results
To illustrate the above eﬀect, we ﬁrst perform simulations for two extreme cases. In the ﬁrst case, the initial droplet
size spectra is monodisperse (at 10μ). In the second case, the droplet size spectra is uniform (ranging from 5 − 20μ).
For each case, we perform simulations using both the homogeneous (or “well-mixed”) and inhomogeneous models.
For the inhomogeneous model, the turbulence ﬁeld has RMS velocity 0.1m/s, and the size of the largest eddy is
2cm. The droplet number density is 1000cm−3. To compare the two models, we ensure that, initially, the averaged
quantities 〈nd〉, 〈Ta〉 = 298K and 〈ρv〉 are the same, and that the same initial droplet size spectra f 0(r) is being used
in both models. From Fig 3 we can see that, after t = 2400 seconds, the initially monodisperse droplet spectra has
evolved to signiﬁcantly diﬀerent ﬁnal size spectras. This is of course expected, since, for the inhomogeneous model,
the droplets are exposed to both saturated and sub-saturated air parcels during mixing of the dry and wet air; on
the other hand, for the homogeneous model, all the droplets see the same values for the ambient ﬁeld variables, and
therefore stay monodisperse. On the other hand, in Fig 4, we see that, after t = 2400 seconds, the size spectra from
inhomogeneous and homogeneous models appear to be almost exactly similar. The explaination for the latter result
can be explained by the analysis given above; during mixing (i.e. ﬁrst 2-3 seconds) the large droplets in the dispersion
manage to saturate the dry air during the mixing process, and therefore “freeze” the growth of the smaller droplets.
After mixing, the ambient is “well-mixed” even in the homogeneous model, and thus the evolution of size spectra is
identical for the two models. To further verify the above analysis, we perform several simulations, in which we mainly
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Fig. 3. Evolution of mono-dispersed size distribution, showing initial
(lower) and ﬁnal (upper) states. Black curves are from inhomogeneous
model, red curves are from homogeneous model.
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Fig. 4. Evolution of uniform size distribution, showing initial (lower)
and ﬁnal (upper) states. Black curves are from inhomogeneous model,
red curves are from homogeneous model.
change the initial size distribution f 0(r), the initial number concentration nd, and the turbulent time scale τL = K/.
We keep all the other parameters (e.g. box size, initial temperature, vapor density, vapor diﬀusivity etc.) constant.
The initial droplet size distribution is chosen to be Gaussian, and therefore we can express f 0(r) as f 0(r) = g(r/σ)/σ,
where σ is standard deviation. The minimum and maximum radius of droplets are taken as rmin = μ − 2σ and
rmax = μ + 2σ respectively, where μ is the mean droplet radius. We perform simulations using both the homogeneous
and inhomogeneous models for each set of parameters, 〈nd〉, f 0(r). The value of τL also plays a role in the simulations
that use the inhomogeneous model.
Tables 1 and 2 list the parameters used for the diﬀerent cases. The last column of each table displays the relative
error between the ﬁnal size distributions predicted by the homogeneous and inhomogeneous model. A standard L2
norm has been used for calculating error. In cases 1a, 1b and 1c, either the droplet number concentration is too low or
the proportion of large droplets in the droplet size spectra is not high enough. As a result, the error is relatively high.
In case 2a, the error is signiﬁcantly smaller, indicating that perhaps the number concentration is high enough and
the proportion of large droplets in the size spectra is also large enough to “freeze” the droplet growth during the initial
 Chandra Shekhar Pant and Amitabh Bhattacharya /  Procedia IUTAM  15 ( 2015 )  41 – 48 47
turbulent mixing. To verify the constraints derived in Eqns 4–5, we perform two additional simulations (cases 2b,
2c), in which we increase τL. If μ (along with rmax − μ and μ − rmin) is kept proportional to σ, then it is easy to
see that, for an initial Gaussian size spectra f 0(r) = g(r/σ)/σ, we can derive the relations n¯d(r0) = ndG(r0/σ) and
r¯(r0) = σH(r0/σ), where G(r0/σ) and H(r0/σ) are functions of r0/σ. Therefore, if the constraints in eqns 4-5 are
satisﬁed for a particular value of nd, σ and τL, then they will also be satisﬁed at a diﬀerent τL, provided nd ∝ τ−3/2L
and σ ∝ τ1/2L . Thus, in cases 2b,2c we change nd and σ (with respect to case 2a) such that the latter proportionalities
hold. We observe that the error (last column, table 2) in cases 2b and 2c are small as well, in accordance with the
constraints given in eqns 4-5.
Table 1. Cases showing large error between homogeneous and inhomogeneous models
Case 〈nd〉 (cm−3) σ (μ) μ (μm) rmin(μm) rmax(μm) τL(s) Error
1a 92 2 10 6 14 1 0.2924
1b 92 5 15 5 25 1 0.5232
1c 1354 2 10 6 14 1 0.2450
Table 2. Cases showing small error between homogeneous and inhomogeneous models
Case 〈nd〉 (cm−3) σ (μ) μ (μm) rmin(μm) rmax(μm) τL(s) Error
2a 1354 3 12 6 18 1 0.1162
2b 280 4 16 8 24 2 0.1164
2c 527 3.7 15 7.6 22.4 1.5 0.1492
5. Conclusion
In this work, we have shown that the initial droplet size spectra, along with the turbulence mixing time scale, dictate
as to whether simulations using “well-mixed” assumption for the ﬁeld variables can capture the exact evolution of the
size spectra. This result may be used to decide the grid resolution in LES of clouds, and may also be used as a
constraint for models that apply stochastic growth for droplets.
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